Exceptional collections on toric Fano threefolds and 

birational geometry 



Hokuto Uehara 



Abstract 



Bernardi and Tirabassi show the existence of a fuU strong excep- 
tional coUection consisting of hne bundles on smooth toric Fano 3-folds 
under assuming Bondal's conjecture, which states that the Frobenius 
push-forward of the structure sheaf Ox generates the derived category 
D^{X) for smooth projective toric varieties X. 

In this article, we show Bondal's conjecture for smooth toric Fano 
3-folds and also improve their result, using birational geometry. 



1 Introduction 

A full strong exceptional collection is a building block of the derived cate- 
gory D^{X) of coherent sheaves on a smooth projective variety X. Such a 
collection rarely exists, but if it exists, the derived category D^{X) is equiv- 
alent to the derived category L'*(mod^) of the module category mod^ of 
a finite dimensional algebra A. 

For any smooth toric DM stack X, Kawamata shows that there is a 
full, but not necessarily strong, exceptional collection consisting of coherent 
sheaves on X jKa06| . Furthermore full strong exceptional collections on 
toric varieties are studied by many people (cf. [BTlOl ICMlOl ITMl ICRM091 

[cHMiDimiiiHPMiiiAnni 111109] )^ 

We can define an endomorphism {m E Z>o) called Frobenius map on 
any toric varieties over a field of any characteristic (some people also call it a 
multiplication map). It is also known that for smooth complete toric varieties 
X, Fm*Ox splits into line bundles and Thomsen [ThOO] finds an algorithm 
to compute the set of all direct summands of it. We denote the set by Dx 
for a sufficiently divisible integer m. On the other hand, Bondal's conjecture 
predicts that the set Dx classically generates the derived category D^{X). 
So sometimes, for instance in the case \T)x\ = ranki^(X), it becomes a 
candidate of a full strong exceptional collection consisting of line bundles on 
smooth projective toric varieties X. 

Bernardi and Tirabassi show the existence of such collections on all eigh- 
teen smooth toric Fano 3-folds by using Frobenius maps [BTlOj . Using 
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birational geometry, we obtain a stronger result. Precisely we show the 
following. 

Theorem 1.1. Precisely for sixteen smooth toric Fano 3-folds X over C, 
the set Tlx becomes a full strong exceptional collection (in an appropriate 
order). For the rest two cases, (4) and (11) in Theorem \3.1l there is a unique 
proper subset ofTx which becomes a full strong exceptional collection. 

Note that this theorem implies that Bondal's conjecture is true for smooth 
toric Fano 3-folds. The strategy to prove Theorem 11.11 is as follows; 

Step 1. Let /: X ^ y be an extremal birational contractions between 
smooth toric Fano 3-folds. Assume that forms a full strong exceptional 
collection. Then so is Ty- This is done by Lemmas 15. II and 16.41 

Step 2. By Step 1, it is enough to show that Tx forms a full strong ex- 
ceptional collection only for (birationally) maximal Fano 3-folds X, namely 
in (11), (17) and (18) in Theorem 13.11 Unfortunately, in the case (11), T)x 
does not form a strong exceptional collection. Instead we can find a subset 
®nef which becomes a full strong exceptional collection. Then, as in 

Step 1, an inductive argument works in the case X in (11). 

Step 3. To check the strongness of the chosen set in Step 2, it is enough 
to check the dual of line bundles in the set are nef (Lemma 13. 8|) . This 
is easily done by observing Figure El To check the fullness in Step 2, we 
prove Bondal's conjecture in our situation by rather tedious, but elementary 
calculation. This step is done in ^ and ^ 

In [BTlOj . Bernardi and Tirabassi check a similar statement to Theorem 
11.11 only in the cases (9), (11), (14), (15) and (16) separately, since the 
existence of a full strong exceptional collection, not necessarily coming from 
was already known in the rest cases. In their proof of the strongness, 
they use rather tedious argument, firstly given by [BH09] . Moreover they 
show the fullness by assuming Bondal's conjecture. 

Dubrobin conjectures that for a smooth projective variety X, the quan- 
tum cohomology of X is semi-simple if and only if X is a smooth Fano 
variety with a full exceptional collection. Although his conjecture turns 
out to be wrong, it is still believed that there is a relationship between the 
existence of full exceptional collections on X and its quantum cohomology 
(cf. [Ba04| .) Furthermore several people conjecture that every smooth toric 
Fano variety has a full strong exceptional collection consisting of line bundles 
|BH09[ ICMIQ) . These are the motivations of our study. 

It should be pointed out that there is a smooth projective toric (not 
Fano) surface which does not possess any full strong exceptional collections 
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consisting of line bundles ( |HP06[ iHPOSj ). and it is also worthwhile to men- 
tion that there is a smooth toric Fano variety X such that we cannot choose 
full strong exceptional collections from the set Dx |LM10] . 

Because our exceptional collections consist of line bundles, the corre- 
sponding quivers, Gram matrices etc., is easy to compute. Furthermore 
because our construction of the collections seems canonical, they behave 
well as in Step 1 above. We expect that there must be several applications 
of our choice of exceptional collections. In fact, as its application, we can 
prove the derived equivalence between some smooth toric 3-folds connected 
by a flop. 

The structure of this paper is as follows: In ^ we give some basic 
definitions on the derived categories of coherent sheaves. In ^ we explain 
several notion on toric varieties and refer some useful results for smooth 
toric Fano 3-folds. We also explain how to determine the set Dx, following 
Thomsen. In ^ we actually determine it for several toric varieties. In f|5l 
we show Bondal's conjecture for maximal smooth toric Fano 3-folds. In f|6l 
we accomplish Step 1 above and give the proof of Theorem ll.il In Theorem 
16.31 we also obtain a similar result in the surface case to Theorem 11.11 In 
^ using exceptional collections we constructed above, we show the derived 
equivalence between some smooth toric 3-folds connected by a flop. 

Notation and conventions For a smooth variety X, we denote the 
bounded derived category of coherent sheaves on X by D^{X). T-invariant 
is an abbreviation of torus invariant. For objects £,T £ D^{X), we define 

Hom^(£',7') := Hom£,6(jf)(£:, 

We work over C for simplicity. 

Acknowledgments Hiroshi Sato and Yukinobu Toda are always generous 
with their knowledge and ideas. Alastair Craw pointed out some references 
and informed me that he and Gregory G. Smith also obtain a similar result 
to Theorem 11.11 by the aid of computer. A part of the paper was written 
during my stay in Max-Planck Institute. I appreciate all of them for their 
supports. I am also supported by the Grants-in-Aid for Scientific Research 
(No.20740022). 

2 Generators of derived categories 

In this section, we give several basic definitions on triangulated categories 
and derived categories of coherent sheaves. 

Definition 2.1. Let S = {Si} be a set of objects in a triangulated category 
V. 
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(i) We denote by (5) the smallest triangulated subcategory of V con- 
taining all Si, closed under isomorphisms and direct summands. For 
a triangulated subcategory C of V, we denote by C"*- the full tri- 
angulated subcategory of V whose objects satisfy the property 
RomviC, 7") = for all C £C. 

(ii) We say that S classically generates V if (5) = V. We also call S a 
classical generator of T>. 

(iii) We say that S generates V if {S)'^ = 0. We also call S a generator of 
V. 

Let X be a smooth complete variety over C. 

Definition 2.2. (i) An object £ € D^{X) is called exceptional if it sat- 
isfies 

YLoTn'^{£,£) = {^ ' = ° 

I otherwise. 

(ii) An ordered set {£i, . . . ,£n) of exceptional objects is called an excep- 
tional collection if the following condition holds; 

Hom^(^fc,£',) = 

for all k > j and all i. When we say that a finite set S of objects is an 
exceptional collection, it means that S forms an exceptional collection 
in an appropriate order. 

(iii) An exceptional collection {£i, . . . ,£"„) is called strong if 

Rom^x {^k,£j) = 

for all k,j and i ^ 0. 

(iv) An exceptional collection (fi, . . . ,£"„) is called full if 

{£i,...,£n) =D'{X). 

Remark 2.3. If X has a full exceptional collection consisting of n excep- 
tional objects, the rank of its K group K{X) is n. Furthermore it is known 
that the rank of K group is the number of the maximal cones in the fan for 
smooth complete toric varieties. For 3-dimensional smooth complete toric 
varieties X, we can see ranki^(X) = 2p{X) + 2. 

We have the following easy lemma. Because of it, the facts that the set 
forms a full strong exceptional collection and that -Fm*Cx is a tilting 
generator for sufficiently large m are equivalent. See §3.31 for the definitions 
of T)x and Fm- 
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Lemma 2.4. (i) Let us consider a finite set of line bundles {Ck} satisfy- 
ing Ci ^ Cj for i / j. Assume that the vector bundle £ = @ Ck is a 
tilting generator of D^{X), namely it satisfies the following conditions: 

(1) Homj^(£', £") = for i ^ 0. Such an object £ in D^{X) is called 
a tilting object. 

(2) {£)^ = in D^{X), that is, £ is a generator of D^{X). 

Then the set {Ci} forms a full strong exceptional collection. 

(a) Suppose that we have a full strong exceptional collection {Ck} on X . 
Then their direct sum is a tilting generator of D^{X). 

Proof. The most parts of the statements are direct consequences of the def- 
initions. I explain only how to show the fullness in (i). 

Note that the condition (1) implies that the set {Ck} is a strong excep- 
tional collection. Then we have a semi-orthogonal decomposition (cf. [Hu061 
page 25]) of D^{X) into {{Ck})^ and {{Ck})- Since £^ is a generator, 
{{Ck})^ = which implies that the strong exceptional collection {Ck} is 
fun. □ 



3 Toric varieties 

Throughout this section, we use the following notation. Let A'^ = Z" be a 
lattice of rank n and M its dual. A fan A in = N consists of a finite 
number of rational strongly convex cones in A'r, and it determines a toric 
variety X = X(A). We define V(A) to be the set of primitive generators of 
1-dimensional cones in A. 

For a cone a in A, put Ra = C[x^ I u € M n cr^], where {x^ \ 
tt € M n 0"^} is a basis of C- vector space R^- We can define an obvious 
multiplication on R as usual (cf. |Fu931 page 15]). Then the affine toric 
variety Ua corresponds to a is just Speci?o-, and the rational function field 
of the toric varieties X is just C[x'^ | u G M] . 

3.1 Double Z- weight 

According to |Qd88] . we introduce the notion of doubly Z- weighted trian- 
gulations of a 2-sphere. For simplicity, we restrict to the case n = 3, namely 
N = Z^ below. We can obviously identify the set of half lines starting from 
the origin of with 

52 := (Arj,\{o})/M>o- 

Let 

vr: ArK\{0}^52 
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be the projection. We call tt{v) a rational point of S'^ corresponding to a 
primitive element v € N, and v is called the N -weight of the rational point 

7r(u). For a cone a = M>oi'i H h K>oi's G A G V(A)), 7r(cr\{0}) is a 

convex spherical cell in 5^ with rational points 7r(i7i), . . . , 7r(us) as vertices. 
Thus for a fan A, we get a convex spherical cell decomposition 

{7r(cj\{0} I CT G A} 

ofvr(|A|\{0}). 

Suppose that a fan A is complete and non-singular, which is equivalent 
to the condition that the corresponding toric variety X = -'^(A) is proper 
and smooth. Then we get a simplicial cell decomposition of S"^. Moreover, 
for each 3-dimensional cone o" G A, the corresponding spherical 2-simplex 
7r(cr\{0}) has vertices whose A^-weights i7i,i>2,i'3 form a Z-basis of N. For 
each 2-dimensional cone r G A, there are exactly two 3-dimensional cone 
a^a' G A such that ct n a' = r. In this case, the sets {v,V2,V'i} and 
{v' ,V2,v^} of A^'-weights for the vertices of 7r(cj\{0}) and 7r(cj'\{0}), re- 
spectively, are Z-bases of N . Moreover we have 

V + v' + a2V2 + asvs = 

for aj G Z uniquely determined by r. For 

p = m>ov, p' = R>ov', pj = M>o^j G A (j = 2, 3) , 

let D,D',Dj are the corresponding T- invariant divisors. Then it is known 
(cf. |Od88[ page 81]) that we have 

a, = {DyD2-Ds). (1) 

We then endow the edge tt{v2), T^iv^) with the double Z-weight 02, 03, where 
we place 02 (resp. as) on the side of the vertex ir{v2) (resp. '^{v^)) as in 
Figure [TJ For simplicity, here and henceforth we always denote a rational 
point tt{v) by its A^- weight v in figures of double Z- weights. 




Figure 1: Double Z- weight 
We have normal bundle sequences; 
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where C = P is the T-invariant curve corresponding to the cone r. Then 
we know as above Mc/Oj — C'pi(— Oj) and A/^^^/xIc — Of:i{—aji), where 
{j)/} = {2, 3}. Combining both sequences, we conclude that they spht and 
so we have 

Mc/x = Opi(-a2) e Opi(-a3). (2) 

We show in Figure [2] the change of double Z- weights under the blowing- 
up along a T-invariant curve |Od881 page 90]. The segment attached to a 
oval corresponds to the curve, and the vertex with a dark gray small circle 
corresponds to the exceptional divisor. Figure [2] will be used to find the 
centers and the exceptional divisors of blowing-ups in Figure HI 




Figure 2: Change of double Z- weights under the blowing-up 



3.2 Toric Fano 3-folds 

Smooth toric Fano 3-folds are classified as follows. 

Theorem 3.1 ( |Ba821 IWW82] ). Up to isomorphism, there are 18 distinct 
Fano 3-folds. Among them, each o/ (11), (12), (14), (15), (16) and (18) be- 
low is obtained from one of the others by a finite succession of equivariant 
blowing-ups. 

(1) P3. 

(2) P2 X pi. 

(3) The -bundle F{Oy eOril)) overY = F'^. 

(4) The -bundle F{Oy eOy (2)) overY = F'^. 

(5) The F'^-bundle F{Oy Oy Oy(l)) over F = P^. 

(6) Pi X pi X pi. 

(7) The F^-bundle F{Oy C'y(/i + /2)) over y = P^ x pi, where fi and 
f2 are fibers of the two projections from Y to P"*^ . 
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(8) F(Oy e Oy(/i - /2)) in the notation of (7). 

(9) X Si for the Hirzeburch surface Si. 

(10) The -bundle F{Oy Oy(s + /)) over Y = ^i, where f is a fiber of 
the -bundle on Si and s is the minimal section with s"^ = —1. 

(13) X Y2, where Y2 is the toric del Pezzo surface obtained from by 
the equivariant blowing-up at two of the T-invariant points. 

(17) P^ X Y^, where Y3, is the toric del Pezzo surface obtained from P^ by 
the equivariant blowing-up at the three T-invariant points. 

Their birational relations are described in Figurel^ There are just three 




Figure 3: Every arrow means the equivariant blowing-up along a T-invariant 
curve and every dotted arrow means the equivariant blowing-up along a T- 
invariant point. 

maximal Fano 3-folds, (11), (17) and (18), with respect to birational rela- 
tions. 

The corresponding eighteen doubly Z- weighted triangulations of S"^ are 
given in Figure HI A segment attached to an oval corresponds to the T- 
invariant smooth curve of the center of a blowing-up appearing in Figure [3l 
The number, like "(5)" in Figure [D^l), near the oval is the number of the 
Fano 3-fold obtained from the blowing-up. 

For instance, the oval in Figure Sl^l) means that if we blow up along 
the curve corresponding to the segment with the oval, we obtain the Fano 
3- fold in (5). Of course, in this case, by symmetry we can choose any other 
segments, or any other T-invariant smooth curves, as the blowing-up center. 

A dark gray small circle at a vertex corresponds to the exceptional T- 
invariant divisor of a blowing-down appearing in Figure El The number, like 
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"(1)" in Figure mis), near the small circle is the number of the Fano 3-fold 
obtained from the blowing-down. 

For instance, the small circle in Figure Sl^S) means that if we blow down 
the T-invariant divisor corresponding to the vertex with the small circle, we 
obtain the Fano 3-fold in (1). 

In Figure m we do not indicate the point of a blowing-up center, or the 
exceptional divisor of a blowing-down to a point, since we do not need it 
afterwards. 

3.3 Frobenius push-forward 

In this subsection, we explain how to compute the direct summands of Frobe- 
nius push- forward of line bundles on smooth complete toric varieties, follow- 
ing Thomsen [ThOOj . 

Fix a positive integer m and we define a new lattice N' as N' := 
and denote its dual by M', We consider the natural inclusion fm- N ^ N', 
which sends a cone in to itself. Thus fm induces the finite surjective 
toric morphism Fm - X{A) — > X(A). We call a map Frobenius map. It 
is also called a multiplication map. We put 

ViA) = {vu...,vi}, 

and Di to be the T-invariant divisor corresponding to the 1-dimensional cone 
generated by Vi. Henceforth, without otherwise specified, we always assume 
that A is a complete smooth fan, i.e. X = X(A) is a smooth complete toric 
variety . We put A = Xvi, . . . ,vi) £ M{1, n). 
li D = X]j=i ^j^j ^ Q-divisor, we define 

I 

\D-\ ■.= Y,\h}D,, 
j=i 

where for any real number x, [x] is the integer defined by x < [x] < x + 1. 
Similarly, we define 

I 

where for every x, [xj is the integer defined by x — 1 < [xj < x. Kx denotes 
the canonical divisor — X]j=i ^^^^ iox = Ox{Kx)- 

For every cone cr G A, we denote by Ua the open subset of X corre- 
sponding to a. For a maximal cone 

<T = {Vi^,. . .,ViJ (ii < • • • < in) 

and a matrix 

B = Xbi,...,bi) e M{l,m) (m > 1), 
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■1. .0 




1^ i— 1-1 




fi (3) ^ ^ (4) l^ 



1^ ^ 



-1 ^ 



f ^1 /l7 

(14^1^ I 1(5^' 



,K->-\ >"^-oX 

(5) X,Cr (6) \-f (7) (8) 



X, (13) 





1(15' 




-ra 



X.(2) 



ra°-»zi^' <%rS'' tr^.fi' 



^^IW^ (3) 

^J" (9) U ir 




f 

(3) 



/ \ / \ /A / \ 

-\ ,i (11) ! ,1 ('^'li) (12) 1 



■WJS/ ,V4?2«" wigy 

'^^i /V\ 

^(13, '^(U) <»'t^l, ^NlO) 



^0 



-1-1 -1-1 



Jl5) 



yO-0^13) 
.0' (17) 0^ 



M-i}-.o- -o-i^-.M-ipo. 



■1 -1 -1 / 

_^0-l^l(16) 
.0' (18) ^0 



Figure 4: Doubly Z-weighted triangulations of S"^ |Od881 page 91] 
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we define 

= Xbi^,...,biJ G M{n,m). 

Note that for a maximal cone a, belongs to GL{n, Z), since X is a smooth 
toric variety. 
Put 

PP, = {\ui, ...,Up)eZP\O^Ui<m} 

for a positive integer p. For u G P^, w = \wi, . . . ,wi) G and a 
maximal cone ex G A, define q"^{u,w,a) G Z', r"*(w, iw, cr) G P^ and 
qj"{u,w,a) as 

AA~^{u - Wa) + w = mq'^{u, w, a) + r"^{u, w, a) (3) 

and 

q"'{u,w,a) = Xq^{u,w,a), . . . ,qr{u,w,a)). 

Define 

Du,v.A= D^,-u,,a) ■■= Y.qT{u,w,a)Di. 
Remark 3.2. (i) Suppose that 

a — 6 = Au 

for a, 6 G Z' and tt G Z". Then we know that 

I I 

In particular the divisors Y^^^i ciiDi and Yll=i hDi are linearly equivalent, 
(ii) We have div x^^'^lu^ = TJl=i <liDi\u^ for any q = . . . , g„) G Z". 

Example 3.3. Put R = Ra for an n-dimensional non-singular strongly 

convex rational cone a in N. For a smooth affinc toric variety U = SpecR, 
the multiplication map induces a C-algebra map 

F*:R^R X'^X"^" 

When we regard a quotient field if of as an JZ-module via the map FyIi , 
we denote it by Fjn*K. For a sub-i?-module L of K, we also define a sub- 
i?-module Fm*L of Fm*K, which is just L as an abelian group. 

Then the module Fjn*{Rx~^'^ ^) ^oi some G Z" is freely generated 
by the set 
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namely, we have an isomorphism 

since we also have the following description; 

R = k[x^^"-^ \ i = l,...,n], 
where {ei, . . . , e„} is the standard basis of M. 

The isomorphism on an affine piece in Example 13.31 can be globalized as 
follows in (ii). 

Lemma 3.4. Fix a vector w = \wi, . . . ,wi) G and a maximal cone 
a e A. 

(i) iThOOf The vector bundle 

does not depend on the choice of a maximal cone a. 

(ii) jThMl We have 

(Hi) For a line bundle L G PicX, we have 

Proof, (iii) The second isomorphism follows from the projection formula. 
The first one is a direct consequence of the Grothendieck-Verdier duality 
(cf. |Hu061 p.86]), but we give another proof by the use of the above result. 
Put C = Ox(E WiDi). We have ® w]^"" = Ox(E("^ - 1 - Wi)Di). Put 
u' = (m — 1) !,...,!). Then, for all u G P^, we can see 

(li{u„^-u,u -w,aQ)=Y 2 Q J 

_ *i>i(tt - w^o) + + 1 ^ ^ 
m 

m m 
= - qi{u,w,ao). 

The last equality holds because, in general, the equality + ^1 — Lm-I ~ 
is true for /c G Z. This gives the first isomorphism by (iii). □ 
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Below for simplicity, we often identify two isomorphic line bundles. For a 
T-invariant divisor D and an integer m > 0, we define sets of (isomorphism 
classes of) line bundles; 

T){D)m '■= {C € PicX I £ is a direct summand of Fm*Ox{D) } 

and 

Dp) := U™>oD(I))m. 



Convention 

(i) We may assume that . . . , i>„ forms a standard basis of Z" and put 

= (■'^1) • • • ,Vn)- We often omit cfq in the notation as q'^{u,w){:= 
q"^{u,w,ao)), Du,w = Du,w,ao and so on. 

(ii) For a zero divisor D = or a zero vector = 0, we simply denote 
S)(0) by D (or Dx if we need to specify the base variety X) and 
q^{u){= q"^{u,0)). (In fact, as a consequence of Lemma IS.St i) and 
(ii), we have 5!) = D{0)m for a sufficiently divisible integer m.) 

We take o" in ([3]) to be fio, then ([3]) becomes the following simpler form 
A{u - Wa-g) + w = mq"^{u,w) + r"(w,iu), (4) 
and hence we have 

gr(^,H=L '''^""""^^"^ J- (5) 

Lemma 3.5. Fix a T-invariant divisor D = ^ wiDi and put w = Xwi, . . . , wi). 
(i) The set T){D) is finite. 



(ii) Put D' := ^w'-Di, where 



w' 



for i with Wi > 
— 1 for i with wi < 0. 



Take m > satisfying — 1 < ^ < 1 for any i. Then Ox{T>') S 
^{D)m- Furthermore we have D{D') C D{D)m for sufficiently divisi- 
ble integers m > 0. 

(Hi) We have Tl{D)m C D{lD)im for any l,m £ Z>o. 

Proof (i) Since the set { ^ | u G P;;^, m G Z>o} is bounded and _ 
as m — > oo, the set of integers {q^{u,w) | u G Pmi''^ ^ ^>o} is finite. 
Consequently, so is the set Tl{D). 
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(ii) For any Wa-,, S , there is a vector u' € such that mu' + tUo-o G 
P^. Put u := mu' + lOo-Q. Then we can see 

Qi (u, w) = [ ^ J + 

m m 

= [ — J + ^ViU' = w[ + %iU', 

m 

which means the divisor Du,w is linearly equivalent to D' . Thus Ox{D') £ 

Take an element C G D{D') and suppose that C G D{D)m for some m 
satisfying — 1 < ^ < 1 for any i. Then C G D{D)}^yn for ^ > 0, since 
Fkm*Ox{D) = Fm*Fk*OxiD)- This gives the last assertion. 

(iii) By definition, we have q^{u,w) = ql"^{lu,lw), which implies the 
conclusion. 

□ 

My optimistic conjecture is as follows; 

Conjecture 3.6. LetX be a smooth complete toric variety. Then Fm*0 x{D) 
is a classical generator of D^{X) for any T -invariant divisors D and a suf- 
ficiently large integer m. 

In order to prove Conjecture 13.61 by Lemma IS^T ii) it is essential to show 
it for T-invariant divisors D = ^ WiDi with zuj = or — 1. 

Remark 3.7. Bondal announced in |Bo06] that Conjecture 13.61 is true for 
the case D = Q. Although the proof is not available so far, several people 
have already used this statement (cf. [BTini ICMTnl ICMl iDLMln] ^ . In this 
article, we refer this statement as Bondal's conjecture. 



Lemma 13.51 will not be used afterwards, but an idea to solve Bondal's 
conjecture in M.3I and 14.41 comes from it. 

The following is sometimes powerful when we show that Fm*Ox is a 
tilting object. 

Lemma 3.8. Take a line bundle C on X. 

(i) If C^^ is nef, then we have Ext^(£, = for i > 0. 

(ii) \SaOffl If C ® oj^ is ample, then we have Ext^(Fm*C'x> -C) = for 
i > 0. 

Proof (i) By adjunction, we have Ext)^ {C, Fm*Ox) = i?*(X,£~'"). But 
the last term vanishes for i > 0, since X is toric. 

(ii) We have Ex.t^{Fm*Ox, C) = H'{X,F^{C(E)OJ^^) (g)UJx), which van- 
ishes by the Kodaira vanishing theorem. □ 
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4 Examples 



In this section, we determine the set D for various smooth toric varieties. 
4.1 Hirzeburch surfaces 

Let us consider a Hirzeburch surface X = J^d over P^. Define 



,V2 



,V3 



-1 
d 



,f4 





-1 



G 



Then we know that Di and are irreducible fibers of a P^-bundle on X, 

-d and {D^Y = d. Note that 



and D2 and L>4 are sections with (-02)^ 
Di ^ Dj, and D2 ~ -D4 — dD^,- 

For It = ( ^ I G P£ , we have 



l-l 

I —x+dy t 






-x+dy 



Therefore -D,, 



-x+dy 



Da + J 1)4. To determine 2), we may assume 



that dhy Lemma 13.51 Then we obtain 
and hence 

J){Kx) = {Ox{{d - l)Ds - D4), Ox{{d - 2)D^ - A), Ox{{d - l)D^ - 2D^) 
Ox{{d - 2)D3 - = cjx,Ox{{d - 2 - i)D^ - Di) \lSiSd 

by Lemma I3.4f iii) or a direct computation by the use of dH for w = 
Now we have 



Rom\{Ox{iD^ - Di),Ox{-D^)) = H\X,Ox{{-i - 1)0^ + 0^)) 



H^{¥^,0^i{d- 



I) 



1)), 



which is non-zero for d>2 and d — 1 > i >1. Hence we see that Fm* Ox is 
not a tilting object for d >2. On the other hand, it is known that 

Oxi-Ds - D4) © Oxi-Di) © Oxi-Ds) © Ox 

is a tilting generator for all d (cf. [Ki] ) . 
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4.2 Maximal toric del Pezzo surface 



Let us consider the toric surface X = Y3 which is obtained by the blow up 
of at the three T-invariant points. Namely, X is the maximal toric del 
Pezzo surface with respect to birational relations. We put 



Vi 



V4 



1 






,V2 



,V3 



-1 



,f5 



-1 



Then we know that D2, D4, Dq are exceptional divisors of X 
that Di+Der^ D3 + D4, and 02 + 03^0^ + Dq. 



For u 



€ P^, we have 



( L^J \ 
l-l 

I -^'+1/ I 

L m -I 
I— J 






1^ -x+y 



I— J 



Then we obtain 



D = {Ox (-^5 
Ox (-1^3 



De), Ox{-D3 - D4), Ox{-D4 - D5), 
D4 - D5), Ox{-D4 -D5- De), Ox}. 



^2. Note 



These are dual of the line bundles which appear in a full strong exceptional 
collections on X in |Ki] . In particular, 3 forms a full strong exceptional 
collection. 



4.3 Fano 3-fold in (11) 

Take the Fano 3-fold X in (11). Put 



Vi 



V4 






















• 


1 











1 ^ 




( ^ 













,.6 = 




-1 ) 




I -1 ) 







as in Figure O 
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2 7(<74 



1 ^1 



1^3 

-2 



-2 " » 1 



f5 



V2 

I 









- - -1-^ -1— - -1^ -1- 



\ 4 



1 1 



/ 



(18) 



^0 
vs - 



Figure 5: Fano 3-folds in (11) and (18) 



For u 




G , we have 



l-l 
l-l 

L 



V L 



m -I 



J / 



V L 







I — I 

—x—y+2z 



J / 



Therefore we have 



D = {Ox, Ox(-I?6), Ox(-2Z)6), Ox{-D^), Ox{-D^ - Dq), Ox{-D^ - 2De 
Ox{-D^ -D5- De),Ox{-D^ - D5),Ox{-D^ -D^ + D^,)}. 

Then by the equation ([1]) we can read from Figure [5] that for ah £ G S 
except Ox{—Da — D5 + C is nef, hence Lemma [3.81 imphes that 
Ext^(/:,Fm*C'x) = for i > 0. Put 

®nef ^\{Ox{-Di - D5 + Dq)}. 

We shall prove in ^5.21 that (S^ef) ~ D^{X). Consequently the set 2D^g£ 
becomes a full strong exceptional collection. We also know that 

Ext^(Ox(-I?4 -D^ + De),Fm.Ox) + 

for some i > 0, since, otherwise, S becomes a full strong exceptional collec- 
tion. This contradicts with ranki^(X) = 8 7^ 9 = |J)|. 
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4.4 Fano 3-fold in (18) 

Take the Fano 3-fold in (18). Put 



Vi 



V5 




as in Figure [5j For u 



y I G P^, we have 



[u] 



Therefore we have 



l-J 
l-l 

I ~y+'^ I 

I — I 
I — I 

L m -I 







I ~y+ 

L 777, 



-J 

I — I 



D = {Ox[-iD^). Ox {-De - Dj - iDs), Ox{-D^ - - iDs), 
Ox{-D5 -De-Dj- iDs),Ox{-D5 - - iDs), 
Oxi-D^-D^-De-iDs) I i = 0,l}. 

By the equation ([T]), we can read from Figure [S] that that is nef for all 
C G D. Hence by Lemma ISTSl implies that Eyitx{Fm*Ox, Fm*Ox) = for 
aU m » 0, i > 0. 



4.5 Fano 3-fold in (8) 

Take the Fano 3-fold X in (8). Put 



Vi 



V4 




















l-l 




) 




























,-6 = 


• 


1 
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For u 




G P^, we have 



q^{u) 



Therefore we have 



l-l 

L-J 

l-l 

Lm-l 

I ^-1/ I 









Lm-l 



D = {Ox, Ox(-I)5), Ox(-I)4), Ox(-I)4 - D^), Ox{-Di - Dq), 

Ox{-Di -D5- De),Ox{-2D4 - Dq), Ox{-2Di - D5 - De)}. 

For all of line bundles C £ D, we can see that C^^ is nef by a similar method 
to one above, hence Lemma [3^ implies that Ext ^ {Fm*0 x , Fm*Ox) = for 
i > 0. This result contradicts the result in |Sa091 page 32]. 



4.6 Fano 4-fold 

We consider the Fano 4-fold X = corresponding to the polytope 

Conv {vi,.. .,Vio) , 



where 





( 1 ^ 














1 ^ 


























Vi = 





,...,V4 














,...,Vs = 













V 1 J 




^ J 




v-W 








/ - 












1 






-1 








Vg = 


1 


,VlO = 




-1 










^ 1 ) 




V - 


-1 ) 









Note that X is a maximal Fano 4-folds with p{X) = 6 and ranki^(X) = 
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For u 



( ^ \ 

y 

z 

\w J 



S have 



I-I 

L-J 

LmJ 

I-I 
LmJ 

L-J 

LmJ 

L- 



L' 



m - 

-J 

m J 



L— J 

LmJ 



x+y+z+w 
m 

-y-- 



-J / 



L 








L— J 

LmJ 

I— J 

LmJ 

L— J 

LmJ 

x+y+z+w 

m 



-J / 



Hence the set consists of the fohowing 50(=l+4+6+12+4+16+l+6) 
Une bundles; 

Ox,Ox{-Di- Dio) (4 line bundles), 

Oxi-Di - Dj - Dio) (6 line bundles), 

Ox{-Di - Dj + aiDg - biDio) (12 line bundles), 



Oxi-Di ■ 
Oxi-Di - 
Oxi-D^ 
Oxi-D^ 



■De 
-De 



Dk — -Dio) (4 line bundles), 
Dk + a2DQ — 62 -Dio) (16 line bundles), 
-Dr-Ds- Dio), 

- Dj — Ds + asDg — 63D10) (6 line bundles). 



where 6/1 — a/^ = or 1, a/^ = 1, . . . , /i and k G {5, 6, 7, 8} with (i — j)(j — 
k)ii-k)^0. 

As you can see above, the situation becomes worse in the 4-dimensional 
case. In the higher dimensional cases it becomes much worse. It is known 
by |LM10j that there is a smooth toric Fano variety X such that we cannot 
choose full strong exceptional collections from the set Dx- 



5 Exceptional collections on maximal toric Fano 
3-folds 

In this section, we show Bondal's conjecture for maximal smooth toric Fano 
3-folds. Combining this with the results in ^ we see that Dx (respectively, 
"^nef) ^® ^ ^^^^ strong exceptional collection in the cases Fano 3-folds in (17) 
and (18) (respectively, (11)). 
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Lemma 5.1. Let f : X ^ Y be a birational contraction between smooth 
projective varieties. Suppose that an objects is a generator of D^{X). Then 
M/*iS is also a generator of D^{Y). 

Proof Put RHomy(M/*£:, J") = for some T G D^{Y). Then by the ad- 
jointness H we obtain ujx (X'L/*(J^(8)a;y^) = f'T = 0, which imphes 
that T = 0. □ 

For the toric case, by Rf^Ox = Oy and the commutativity ° f = 
/ o F^, we have Rf.F^.Ox = F^^Oy. 

5.1 Exceptional collection on the Fano 3-fold in (17) 

The following must be well-known. 

Lemma 5.2. Let Y and Z be smooth projective varieties. Suppose that 8 

L 

and J- are tilting generators of D^(Y) and D^{Z) respectively. Then £ ^ J- 
is also a tilting generator of D^{Y x Z). 

Proof. We can check 

Mr(y xz,£MF) = Mr(y, £) d Mr(z, f). 

Hence we have 

Hom^x^(£:& J^,£:& J^) ^ Hom(,(f,£:) ®Hom|(J^,J^), 

j+k=i 

L L 

which implies that £ M F \s tilting. The fact f Kl J-" is a generator directly 
follows from |BV031 Lemma 3.4.1]. 

□ 

For the toric case, we know that F^^^Oy^z = F^^Oy M F^^Oz- By 
^4:.2\ we see that Fm*Oy^ is a tilting generator on the maximal toric del 
Pezzo surface I3 and m S> 0. Because the Fano 3-fold X in (17) is the 
product of Ys and a projective line it follows that Dx is a full strong 
exceptional collection. Here we leave to readers the proof of the fact that 
Dpi is a full strong exceptional collection on P^. 

5.2 Exceptional collection on Fano 3-fold in (11) 

Take the Fano 3-fold X in (11). We use the same notation as in ^4.3 [ First we 

X 

determine the set D{ijj^^)m for sufficiently large m. For it = y € P^ 



z 
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and w 



( -1 



V -1 



G Z^, we have 



q"'{u,-?>w) 







X — 2 + 3 



Thus we have 



-1 

2 
1 


-1 
-2 



ifx + 3>z + m 
ifz + m>x + 3>z 
if z > X + 3 

if z = 
if z > 

if 2z + 3 > X + y + 2m 
if X + y + 2m >2z + 3>x + y + m 
iix + y + m>2z + 3>x + y 
ifx + y>2z + 3>x + y — m 
if X + y — m > 2z + 3. 



By tedious computation, we can see ^{uj-^^)m = S U D', where 

& = {Ox{Di-iD5-jDQ),Ox{-D5 + De), 

Ox{-Di- D^ + 2Dq) I « = 1,0 audi = 1,2}. 

Note that there are hnear equivalences; 

Di + D^r^De, D2^Dq, D3 + 2D6 -^4 + ^5- 



(6) 



We shaU check that C € (^nef) ^ = C>x{-Di -D5 + Dq) or all C € D' 
below. 

Since Di n D2 H Dq = il), we have an exact sequence 

0^Oxi-Di-D2-DQ) 
^Ox{-Di - D2) e Ox{-D2 - De) Ox{-Di - D^) 
-^Oxi-Di) e Ox{-D2) © Ox{-Df,) ^Ox^Q. 

Combining this with ([6]), we have an exact sequence 

^Ox{Di - 3De) ^ Ox{D^ - 2Dq)®^ Ox{-2Dq) 



>OxiD4-De)®Ox{-De 



Ox^O. 



(7) 
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Since D2 H D4 n Dq = ^, we have an exact sequence 

0^Oxi-D2-D4-De) 
^Ox{-D2 - D4) e Ox{-D2 - De) Ox{-D^ - D^) 
-^Ox{-D2) Oxi-D^) © Ox{-De) ^ Ox ^ 0. 

Using ([HD, we have an exact sequence 

^Ox{-Di - 2De) ^ Oxi-D^ - De f^ © Ox{-2De) 
^Ox{-Di) © Ox(-A)®' ^ Ox ^ 0. (8) 

Since 1)3 n 1)4 = 0, we have an exact sequence 

^ Ox{-D^ - Di) ^ Oxi-D:^) © Ox{-Di) ^ ^ 0. 

Using ([6]), we have an exact sequence 

0^Ox(-2L'4-^5 + 2Z)6) 
^Ox{-Di -D5 + 2De) Ox(-i:'4) ^ Ox ^ 0. (9) 

Since i^i n = 0, we have an exact sequence 

^ Oxi-Di - D5) ^ Ox(-I?i) © Ox{-D5) ^ Ox ^ 0. 

Using (l6|), we have an exact sequence 

0^OxiD^-D5-De) 
-^Ox{D4-De)(BOx{-D5)^Ox^0. (10) 

(i) Tensoring Ox(— -D4 — + Dq) with ([7D, we obtain an exact sequence 

^Oxi-D^ - 2Dq) ^ Ox(-Z?5 - ^6)®' Ox(-i?4 - - De) 
-^Oxi-D^) Ox(-Z?4 - I?5)®' ^ Ox(-Z?4 -D5 + De) ^ 0. 

We have already known that all line bundles in the sequence except Ox (— -D4 — 
D^ + Dq) belong to (^Djjgf). Thus so does Ox{—D4^ — D5 + Dq), which means 
that 

(S)^gf> = (F^,Ox). 

This fact has been already observed in |BT101 Proposition 3.2]. 

(ii) Tensoring Ox(— -D5 + Dq) with ([8]), we obtain an exact sequence 

^Ox(-£'4 -D5- Dq) ^ Ox(-D4 - I?5)®' © Ox (-1^5 " Dq) 
-^Ox{-D^ -D5 + Dq) Ox(-I?5)®' ^ Ox(-Z?5 + ^6) ^ 0. 

We have already known from (i) that all line bundles in the sequence except 
Ox(-^5 + De) belong to (F„*Ox). Thus so does Ox{-D^ + Dq). 



23 



(iii) Tensoring Oxi—D^ — + '^Dq) with ([7]), we obtain an exact se- 
quence 

^Oxi-D^ - De) ^ Ox{-D, f^ Oxi-D^ - D^) 
^Oxi-D^ -D5 + Def^ e Ox{-D5 + Dq) ^ Oxi-D^ -D5 + 2De) ^ 0. 

We have already known from (i) and (ii) that ah hne bundles in the sequence 
except Ox{-D4 -D5 + 2Dq) belong to {Fm*Ox)- Thus so does Ox (-^4 - 
D5 + 2De). 

(iv) Take j = 1, 2. Tensoring OxiD^—jDQ) with Q, we obtain an exact 
sequence 

0^Oxi-D4-D5 + {2-j)De) 
^Ox{-D5 + (2 - j)De) e Oxi-jDe) ^ Ox{Da - jDe) ^ 0. 

We have already known from (i) and (ii) that all line bundles in the sequence 
except OxiD^ — JDq) belong to {Fm*Ox)- Thus so does Ox{D4 — JDq). 

(v) Take j = 1,2. Tensoring Ox{{l - j)DQ) with we obtain an 
exact sequence 

0^OxiD4-D5-jDe) 
^Ox{D4 - jDe) e Oxi-D^ + (1 - j)De) ^ Ox((l - j)De) ^ 0. 

We have already known from (iv) that all line bundles in the sequence except 
Ox (D^-D^-jDe) belong to (F^^Ox). Thus so does OxiD^ - - jDe). 

Therefore we know that (^^^ef) ~ {'^i^x^)m) ■ On the other hand, we 
can directly see by computation that 

D C S)(a;^^)„ = ^(a;^^)„^ = Tl{uj]^^)m 

for i = 1,2, which is more or less expected by Lemma 13.51 It is also known 
that ©i=o'^x' ^ generator ( [VdB04| Lemma 3.2.2]), since is ample. 
Thus we can see that 

e ^ 

^^^nef 

is a generator of D^{X). Combining the result in i j4.3l with Lemma 12.41 we 
can conclude that the set 2)^g£ forms a full strong exceptional collection. 

5.3 Exceptional collection on Fano 3-fold in (18) 

Take the Fano 3- fold in (18). We use the same notation as in ^4.41 We want 

to find all elements of D{u}j^^)m. for sufficiently large m. For n = y G 
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and w 




we have 



/ |^ (x-3)+3 j 

L m J 

I (£-3)+3 , 



-fa-3)+(^-3)+3 
m 

I -(y-3)+3 I 

L- 



-(2-3)+3 



m -I 
I fa-3)-(^-3)+3 I 

L TO -I 

^ p(a:-3)+(y-3)+3 j ^ 



V L 







I -y+z+3 

L TO - 

I 1 

L TO J 

I ^2+6 I 

L TO J 

I 1 

L TO J 

a:+3/+3 



J / 



Thus we have 



qT{u, -3w) = < 

qriu,-Sw) = 
q^{u,-3w) = 

q^{u, -3w) = < 
q^iu,-3w) 



1 ifz>y + m — 3 

ify + m — 3>z>y — 3 

[-1 ify>^ + 3 

if 6 > y 

-1 ify>6 

if 6 > z 
-1 if z > 6 

1 ify>z + m — 3 

ifz + m — 3>?/>2; — 3 
[-1 ifz>y + 3 

1 ify>a; + m — 3 
ifx + m — 3>y>x — 3 







D U D\ where 



^-1 ifa;>y + 3. 
Hence by tedious computation, we can see 

= {Oxi-D^ - iDs), Oxi-D^ - iDs),Ox{-De - iDs), 
Oxi-Dj - iDs), Ox{-Di -D5 + D7 + jDs), 
OxiD^-De-Dr + iDs) | i = -1, and j = 0, l}. 

Note that there are hnearly equivalences; 

Di ~ Dg, D2 + D4 + D5^ Dt + Ds, D^ + Di^DQ + D7. 

We have 

^ Ox{-Di - Ds) ^ Oxi-Di) e Oxi-Ds) ^ Ox ^ 0. 
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Combining this with (jlip . we have 

^ Ox{-2D^) ^ Ox{-Ds) ® Ox{-Ds) ^ Ox ^ 0. 
By tensoring C € PicX, we obtain the following: 

Claim 5.3. // C and C ^ Ox{Ds) € (D) = {Em*Ox), then we have C ® 
OxiiDs) G {Fm.Ox) for all i G Z. 

We shall check that C G {Fm*Ox) for all C £ D' below. We take an arbitrary 
integer i € Z. 

(i) We have exact sequences: 

^ Oxi-D^ -De-D7 + iDs) ^Ox{-Dq - + iD^) 

^ Oxi-D5 -De + iDs) ^ Oxi-De + iDs) ^ Oo.i-De + iDs) ^ 0. 
Hence Oxi-Da + iDg) G (F^^Ox), since 

Ox{-D5-De-D7+iDs),Oxi-D5-De+iDs),Oxi-De-D'r+iDs) G {F^.Ox) ■ 

Similarly we obtain Ox{—D^ + iZ^g) G {Fm*Ox)- 

(ii) We have exact sequences: 

^ 0x(-I?3 -Di-D^ + iDs) ^Oxi-Ds - A + ^i^s) 

^ Ox(-I?4 - + iDs) ^ Ox (-1^4 + i^'s) ^ Cd5(-A + i^^s) ^ 0. 
Since the line bundles 

Oxi-Ds -Di-D^ + iDs) = Oxi-D5 -Dq-Dj + iDs), 

Oxi-Ds - A + iDs) = Oxi-De -Dr + iDs) 

and 

Ox{-Di-D^ + iDs) 

belong to {Fm*Ox) by (HU, we have Ox{-Di + iDs) G 

(iii) We have exact sequences: 

^ Ox{-D2 -Dq-D'j + iDs) ^Ox{-D2 - Dj + iDs) 

-^ODei-D7 + iDs)^0, 

^ -D7 + iDs) ^ Ox (-1)7 + iDs) ^ Od6(-^7 + i^s) ^ 0. 

Since we can see from pip that 

Ox(-I)2-I?6-^7 + i^8) = Ox(-Z?4-I?5-A + (« + l)^8) G {Fm*Ox) , 
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Ox{-D2 -Dt + iDs) ^ Oxi-D^ -DQ + {i + l)D8) G {Fm.Ox) , 
Oxi-De -D7 + iDs) G (F^.Ox) , 

we know that Oxi-D^ + iDs) £ {Fm*Ox) • 

(iv) We have exact sequences: 

^ Ox{-D2 -D3-D7 + iDs) ^Ox{-D2 -D3 + iDs) 

^ Ox{-D2 -Dj + iDs) Ox{-D2 + iDs) ^ ODr{-D2 + iDs) ^ 0. 
Since we have 

Oxi-D2 -D3-D7 + iDs) = Oxi-Dr, -De-Dr + {i + l)Ds) € {Fm.Ox) , 
Ox{-D2 - I?3 + iDs) = Ox{-D5 -DQ + {i + l)Ds) G (Fm^Ox) , 
Ox{-D2 -D7 + iDs) = Ox{-Di -D5 + {t + l)Ds) G 

by ([TT]) . we have 

Ox{-D^ -D5 + DT + {i + l)Ds) ^ Ox{-D2 + iDs) G {F^.Ox) • 

(v) We have exact sequences: 

^ Ox{-D2 -D3-D4 + iDs) ^Oxi-Ds -Di + iDs) 

^OD,{-D3 + iDs)^0, 

^ Oxi-D2 -D3 + iDs) ^ Oxi-D-s + iDs) ^ Oo^i-D^ + iDs) ^ 
Since we have 

Oxi-D2 -D3-D4 + iDs) = Oxi-D4 -D5-De + ii + l)Ds) G {Fm.Ox) , 
Ox{-D3 -D4 + iDs) ^ Ox{-De -D7 + iDs) G (F^*Ox> , 
Ox{D2 -D3 + iDs) = Oxi-D^ -De + iDs) G (F^.O^) 

by (HH), we have OxiD^ - Dq - Dj + iDs) ^ Ox{-D^ + iDs) G {Fm.Ox). 

Hence we know that (2)) = (^^^(uj^)^) ■ Then by a similar argument 
to one given in i |5.2l we can conclude that the set S)x forms a full strong 
exceptional collection. 

6 Birational contractions and tilting objects 

Lemma 6.1. Let (/, : (X, Ax) — > (y, Ay) 6e a T-equivariant extremal 
birational contraction between smooth projective toric varieties. Choose a 
maximal cone a in Ax such that ip{cr) is a cone in Ay. For any u G P^, 
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we denote a divisor D^^^^ on X (resp. D^^^^^^ on Y) by (resp. D^). 
Then we have f^:Ox{D^) = Oy{D^). In particular, 

2)y = {f*JOx I Cxe^x}. 

and 

Ox{D^) = rOY{Dl)®Ox{aE), 
where a > and E is the exceptional divisor of f. 
Proof. From the commutativity ° f = f ° Em, we obtain 

Oy{DI) = Fm^Oy = Em.f.Ox = f*Em.Ox = f*Ox{D^). 

Since all Oy(D^) and f^Ox{E>^) are indecomposable and Endy (Oy (L>^)) = 
C, for ue P^we have u' G P^ such that f^Ox{D^) = Oy{D^,). On the 
other hand, we have an inclusion f^,Ox{Du) ^ ^y{D^), which is isomor- 
phic in codimension one. Thus it is isomorphic. □ 

Lemma 6.2. In the situation of Lemma \6.1{ assume that f is a equivariant 
blowing-up along a T -invariant smooth center C , and define d := dimi? — 
dimC, n := dimX and Cy '■= f*Cx for some Cx G Consider the 

Leray spectral sequence 

EP'I =hp{Y, C®r wy O M?f,Ox{{jna + d)E)) 
=^ EP+^ =HP+''{X, f*{Cf"^ ® ux) ® Ox{{ma + d)E)) 

and assume furthermore that the vanishing 

Hom^(£x,i^m*Ox) = (12) 

holds for all i > 0. 
(i) The vanishing 

Homi.(/:y,F^,Oy) = 
holds for all i > if and only if El^''^ = for allp<n — d—l = dim C. 

In particular, if d = n — 1, namely if C is a point, this is automatically 
true. 

(a) Assume that 

H\C,C^-"'®f,OE{l-d-l))=Q (13) 

for i > and all I with ma + d >l, where we define Oe{^) to be the 
tautological line bundle of the ¥'^-bundle E ^ C. Then £'2''^ = for 
all p with p < n — d — 1. 
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Proof, (i) First of all, we have 

Rom'j,{Cx,Fm.Ox) = Rom'x {F:,Cx, Ox) 
=H''-\X,Cf^ ^uxY = H''-\X,Cf^ O f*iOY ^ Ox{dE)Y 
=H^-\X, r{Cf^ ux) ® Ox{{ma + d)E)Y 

Hence (|12|) means that 

^^+9 = (14) 

ioT sl\ p + q ^ n. Similarly it is easy to see that 

(i^2"-*'0)V = HomV(/:y,F^,Oy). 

Therefore what we have to show is that, under assuming (HH), El'^ = for 
all p < n is equivalent to i?2"^ = for all p < n — d — 1. More strongly, we 
will see below £^2''^ — E2^'^~^^'^ for p < n — d — 1. 
Note that 



,Oe{IE) = (15) 

unless q = 0,d, since f\E-E^Cisa P'^-bundle. We also have 

f.OEilE) = 

for all positive I. Then we have a short exact sequence 

^ Z:^'" wy ® MV*Cx((Z - 1)^) ^Cf"" (g>coY^ Wf,Ox{lE) 

-^Cf^ (g>coY^ M3f,OE{lE) ^ 

(16) 



for / > and all q. Hence by the vanishing W^f^,Ox = for g 7^ and (fT5]) . 
we conclude that 

^p,? =HP{Y, C®r ®UY® WUOx{{jna + d)E)) 

^HP{Y, L®r (g)UJY(E) MV*Ox((ma + d- l)E)) 

^HP{Y, L®r (g)ujY(E) MV*Cx) = 

for all p and all q ^ 0,d. Thus we have £^2"^ — -^d+i P' Q- Therefore 

from (I14D we obtain 



rpp+d+1,0 7-ip+d+l,0 
for p + d + 1 < n. Thus we obtain the conclusion. 



29 



(ii) By the duality, 

F"-'^-i-p(c, z:®-™ f,OE{i -d- 1))' 

=HP{C, Lf^ {f.OE{l -d- 1))^ uc) 



By the assumption (|13p . the last one vanishes for all l,p with ma + d > I 
and p < n — d — 1. Then the vanishing of '"^ is a direct consequence of the 
vanishing R'^f^Ox = and dE]). □ 

Theorem 6.3. Let X be a toric del Pezzo surface. Then 3x is a full strong 
exceptional collection on X . 

Proof. We have already checked the statement for the maximal del Pezzo 
surface in M.2[ Then the statement for the other cases follows from 
Lemmas 15.11 and I6.2i □ 

See also |HP08l Theorem 8.2] for an interesting result in this direction. 

Lemma 6.4. In the notation in Lemma \6.Si assume that X and Y are Fano 
3-folds and that the vanishing 

Hom^(£x,i^m*Ox) = (17) 

holds for all i > 0. Then the vanishing 

HomH'Cy,F„,Oy) = 

holds for all i > 0. 

Proof. We divide the proof into two parts. 

Step 1. By the last assertion in Lemma 16.2^ 1). we may assume that C = 
P^. There are primitive generators vi, . . . of 1-dimensional cones in Ay 
(and we sometimes regard them as generators of 1-dimensional cones in Ax) 
such that 

• C is the T-invariant curve corresponding to the 2-dimensional cone 
generated by i^i and v^, and 

• the sets 1^4, v^}, {vi,V2,V4^} and {vi,V2, 1^3} generate 3-dimensional 
cones in Ay respectively. 

• 1^3 is different from 1)4, but it may coincide with v^. 
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Figure 6: Divisorial contractions 



We have the following equalities 

V2 + v^ + avi + j3vA = and 1^3 + f4 + 7i»i + 5v2 = 0. 

for some a,f3,j,d G Z (see Figure [6|). Without the loss of generality, we 
may assume that P > a. Then we know that /3 > 0, since a + /3 > — 1 by 
the condition that Y is Fano [Od88. Page 89]. By these equalities, we have 

V5 - + (1 - P6)V2 + (a - pj)vi = 0. (18) 

Note that the set 1)2,173} also generates a 3-dimensional cone, say 
a, in Ax- So we can apply Lemma 16.11 for a. Take u S such that 
Cy — ^x{D^ ^^^^), and denote by Z)j(= DJ) (resp. Df) the prime divisors 
on Y (resp. X) corresponding to Vi, and we put qi to be the coefficient of 
Di in a T-invariant divisor DX.ip{(7) namely we have 

^u,ip(a) = 91^1 + 92^2 + 93^3 + H • 

We have 

= f*Dl^(a) + that is £x = /*/:y ® Ox (aE) 

for some a > as in Lemma l6. 11 

To check (jlSp in the case C = P^, it is enough to show 

H\C,Cf-"'0f,OE{ma-l)) = O. (19) 
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By choosing vi,V2, as a basis of the lattice N = 1? , we obtain from ()18p 
that 

v^=\(3^-a,p5-l,p) (20) 

and qi = qi^{u, ip{cr)) = 0, and q2 = ^{c)) = 0. We also know by ([2]) 

that McjY — Oc{a) © OciP). In particular, we have 

f.OEii) = Sym'M^/Y = Oc{-ia) © Oc{-{i - l)a - /3) © • • • © Oc{-iP) 

for i > 0. We denote F a fiber of P^-bundle f\E'- E ^ C. Then we 
note that T-invariant prime divisors on X which intersect with F are only 
D^,D^,Df and (and of course, F is contained in E). Thus we have 

_a = aE.F = {dI„ - ■ F = D^, ■ F = q,, 

since • F = ■ F = and qi = 0. Combining this with 

deg Cy\c = {q^Di + q^D^) - C = /3q4, + q^, 

we have 

deg Cf-"" © Oc((l - ma)/3) = -m(/3g4 + ^5) + (1 - ma)/3 
= - m(/3g4 + gs) + (1 + mq4,)/3 = -mq^ + /3. 

Since /3 > a and /3 > 0, we know that Q's ^ if and only if ()19p is true for 
m » 0. 

By dSOD, we have 

95 = L J 

m 

for u = \x, y, z) G Pj^. By observing Figure IU we can see that 

• in all cases, we have /3(5 — 1 ^ 0, 

• if /3 > 2, X is in (11) and Y is in (4) in Theorem l3.lt 

• if /3 = 1, /37 — a ^ 0, and 

• if /3 ^ (then actually /3 = 0), /37 - a ^ 1. 

Consequently, we obtain q^ ^ 0, except the case X is in (11) and Y is in 
(4). 
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step 2. Let X be the Fano 3-fold in (11) and take Cx G Sx- Then 
we have seen in ^4.31 that Cx ^ C'x(— -D4 — + D^) if and only if the 
equality (fT7|) holds for all i > 0. Note that in Figure [5] plays the role 
of i»5 in Figure [H Consequently we know that if Cx is not isomorphic to 
Ox{—Dii — D5 + Dq), then 55 < by the computation in ^4.31 Then the 
result follows. □ 

Now we give the proof of Theorem 11.11 

Proof. In ^we have already seen that F^^Ox is a generator for maximal 
smooth toric Fano 3-folds X. We have also seen in ^5.1l and l5.3l that Fm*Ox 
is tilting for the Fano 3-folds in (17) and (18). Then Lemmas 15.11 and 16.41 
imply that T)x is a full strong exceptional collection for all smooth toric 
Fano 3-folds except the cases (4) and (11). 

For the case X in (11), we have seen in N5.2I that the set Sj^gf is a full 
strong exceptional collection on X, and in N4. 31 that 

Hom^(£x,i^m*Ox) = 

holds for all i > and all Cx G -^nef' Take the Fano 3-fold Y in (4) and 
consider the blowing-up f ■ X — )• 1" in Fugure O Then Lemmas 15.11 and 
16.41 implies that the subset | -Cx G ^nefJ' of forms a full strong 

exceptional collection on Y . 

□ 

7 Derived equivalences of flops 

The following example should be generalized a lot, but in this article we do 
not pursue its generalization. 

Let X be the Fano 3-fold in (18). Then the prime divisor D2 in the 
notation in ^4.41 is isomorphic to x and there are extremal birational 
contractions : X — )■ X~^ , f~:X—^ X^ which contract D2 in two different 
directions respectively. X~^ and X~ are connected by a standard flop, and 
several people, including Bondal, Orlov, Bridgeland and Van den Bergh, 
observe that they are derived equivalent. We shall prove it by using tilting 
generators we constructed above. 

We can see Fm*Ox+ and Fm*Ox- are tilting generators on D^{X^) and 
D^{X~) respectively by a similar idea to Lemma 16.41 Moreover the former 
is the strict transform of the later. Define the endmorphism algebras as 

A+ = Endx+{Fm,Ox+), A' = End^- (F„*Ox- )■ 

Then because X~^ and X~ are isomorphic in codimension 1, we have a 
natural isomorphism = . Hence 

D\X+) ^ D\modA+) ^ D\modA-) ^ D\X-). 
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